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This paper shows how to construct a Latin square orthogonal to its transpose 
for every order n, such that n :t 2 mod 4, or n $ 3 mod 9 or n f  6 mod 9. 
THEOREM 1. Suppose F is a finite field except GF(2) and GF(3). Let 
X E F such that h # 0, h # 1, h # a. Then the operation a 0 b = 
ha + (1 - X) b defines a quasi-group whose multiplication table is a latin 
square which is orthogonal to its transpose. 
Proof. If c = a o b then c = ha + (1 - h) b and since h # 0, h # 1 
any two of a, b, c uniquely determine the third. Hence the operation 
defines a quasi-group and the multiplication table is a Latin square. If the 
Latin square is superposed on its transpose then the ordered pair in the 
cell indexed by a and b is (a 0 b, b 0 a). Suppose a 0 b = c 0 d and 
boa-dot then ha+(l-X)b=hc+(l-X)d and Xb+(l-h)a= 
Xd + (1 - h) c. Adding, we get a + b = c + d. Substituting c -t d - b 
for a in the first equation, we get (1 - 24 b = (1 - 2h) d and, since 
1 - 2h i: 0, b = d and hence a = c. Hence, no two distinct cells have the 
same ordered pair. 
LEMMA. If there are Latin squares of orders m andn which are orthogonal 
to their transposes then there is a Latin square of order mn orthogonal to its 
transpose. This follows from the well-known lemma that if A is orthogonal 
to A* and B is orthogonal to B* then the properly interpreted Kronecker 
product A x B is orthogonal to A* x B *, together with the observation 
UT x VT = (U x V)T where VT is the transpose of CT. 
THEOREM 2. If n + 2 mod 4 or n + 3 mod 9 or n $ 6 mod 9 then 
there is a Latin square A qf order n which is orthogonal to its transpose. 
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Proof. n = p;lp;z *** p;i where the pi are distinct primes. The con- 
ditions on n say that in its prime factorization the primes 2 or 3 does not 
appear to the first power. This excludes GF(2) and GF(3). Hence, for each 
field GF(pr”) construct a Latin square of order ~9” orthogonal to its 
transpose and take the Kronecker product of the squares as the desired 
square. 
EXAMPLE. Take n = 8. We can describe GF(2”) as having elements 
0,1,h,1+h,h2,X+X2,1+h2,1+~+h2, with h3=X+1. Taking 
a 0 b = ha + (1 + h) b and then making the replacement of symbols 
o-0, l-1, x+2, 1+h+3, P-+4, A+ h”-t5, 1 f X2 + 6, 
1 + X + X2 ---f 7, we get the square: 
03567142 
21476350 
47213605 
56031724 
30654271 
74120536 
12745063 
65302417 
ARITHMETICAL COUNTS 
In this section we give a count of the number of squares orthogonal to 
their transposes which can be constructed in the manner of the previous 
section and which are non-isomorphic. We also give another similar 
construction. Isomorphism is defined as follows. If A is a square and A* is 
obtained from A by renaming the symbols then A and A* are isomorphic. 
If A is a square and P is a permutation matrix and B = P-lA*P then 
A and B are isomorphic. We do not consider A and AT as isomorphic but 
in counting pairs we will count A and AT as a single pair. 
The multiplication a 0 b = Xa + (1 - h) b in GF(p’) could be replaced 
by a . b = Xa + pb where A # 0, p # 0, h + t.~ # 0, h - t.~ # 0, are 
necessary and sufficient conditions for the multiplication table to be a 
Latin square which is orthogonal to its transpose. If k E GF(p7), k # 0 
then replacing each entry a by ka in a square A corresponds to a renaming 
of the entries and hence yields a square isomorphic to the original. This 
corresponds to changing the multiplication a . b = Xa + pb to 
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a * b = (kh) a t (kp) b. By taking k = l/h and putting v = kp we 
obtain a c b = a + vb. The element v satisfies the conditions 
v # 0, v+1+0, v-l #O. 
In GF(p’) the number of choices for v are pr - 3 if p f 2 and p’ - 2 if 
p = 2, since in the latter case 1 = - 1. Putting, #(p’) = pT - 3 if p # 2 
and 4(2’) == 2’ - 2 and if n = ppp2 .*.p;1 putting 
#(n) = Icr(P:l) #(Pi? ... #(P;“) 
we obtain t/~(n) non-isomorphic squares of order n each of which is 
orthogonal to its transpose. If we pair a square A with AT we obtain 
i+(n) pairs of squares. 
There is another construction which yields fewer squares of order n but 
which is somewhat easier to carry out. It does not yield any squares if 
IZ = 0 mod 2 or n = 0 mod 3. In this case for an integer n, define 
a n b = a + Xb (mod n). We obtain a square orthogonal to its transpose 
wherever (h, n) = 1, (h - 1, n) = I, (h + 1, n) = 1 where, as usual, 
(a, b) represents the greatest common divisor of a and b. Define y*(n) to 
be the number of residue classes h such that X - 1, h, and X + 1 are 
prime to n. If 2 / n or 3 / II, v*(n) = 0. Our construction yields v*(n) 
non-isomorphic squares or &y*(n) pairs of squares. An easy calculation 
shows that if p is an odd prime, q*(pr) = ,zf-l(p - 3), also, ~“(2’) = 0. 
We now prove the following theorem. 
THEOREM 3. Let (m, n) = 1. Then y*(mn) = q*(m) y*(n). 
Proof. Let N and /I be two integers such that ((CY - 1) ol(n + I), m) = 1, 
((p - 1) /3(/I + I), n) = 1. Since (m, n) = 1 it follows that (IM + n, mn) = 1. 
Hence, there is an integer t such that t(m + lz) = 1 mod (mn). Now it is 
easily verified that the triplet of integers t{m(/3 - 1) + n(~ - I)}, t(m/3 + nol>, 
t(m@ + 1) + n(a + 1)) are consecutive residues mod mn and are all 
prime to mn. Furthermore, distinct pairs a, p yield distinct triplets. Hence 
y*(mn) = v*(m) y*(n). Hence for each integer n we can obtain an 
explicit formula for v*(n) in terms of its prime power decomposition. In 
fact, if n = ppp,r? ... p;t where p1 , pz ,..., pt are the distinct primes in n and 
all are odd, then 
v*(n) = n (1 - +)(l - 2) . . . (1 _ $). 
